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ME346A — Introduction to Statistical Mechanics — Wei Cai — Stanford University — Winter 2025

Problem Session 1

January 10, 2025

Proof of Central Limit Theorem (CLT)
Let X, X5,..., Xy be a random sample from an arbitrary distribution with mean p and
variance 2. We shall assume that N is sufficiently large. Define,

|
St
where the expectation and the variance of X can be calculated as,

N

(%) = 3 D000 = Var(X) = (X = (0))") = (¥2) — (X) = (X*) — 2,

() (5 (g

i#j
and because X; are independent samples, (X;X;) = (X;)(X;) = p?. Also note that (X?) =
Var(X;) + (X;)? = 02 + p? so that,

1 N o?+u? N-1 o?
<X2> N2 <N(02+,u2)+2(2>,u2): N + N MQIN‘i‘MQ,

so that the expectation and the variance of X is,

[\

g

(X) =p, Var(X)= N




Semi-Stationary Random Walk

Let us define a semi-stationary random walk, which is described as a random walker in 1-
dimensional space. At each time step, the random walker can move either +a or —a with
probability p and also can stay at its state with probability 1 —2p. We call this random walk
as semi-stationary because the random walker can stay where it is.

Define a step that the random walker takes at i** time step to be l;. Then, the expectation
of I; and [? can be calculated as,

(li) = (+a)p+ (0)(1 = 2p) + (—a)p = 0, (I7) = (a®)p + 0*(1 — 2p) + (a®)p = 2d°p,

which can be used to calculate (| X (n7)[?) as,

(1X (n7)|? <<Zz)> ;z% n(2a%p),

assuming that /; and [; are independent when i # j. Recall that (| X (n7)|*) = 2D4nr,

2Dt = n(2a*p), Dy = 2pD

where D = a?/(27) and D, is a diffusion coefficient for the semi-stationary random walk.
Hence, we have derived that the probability of moving in the semi-stationary random walk
drives the mobility of the diffusion. In other words, the action of staying at its state works
as a friction which slows down the diffusion.
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